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We characterize the p-approximation property (p-AP) introduced by Sinha and Karn
[D.P. Sinha, A.K. Karn, Compact operators whose adjoints factor through subspaces of p ,
Studia Math. 150 (2002) 17–33] in terms of density of ﬁnite rank operators in the spaces
of p-compact and of adjoints of p-summable operators. As application, the p-AP of dual
Banach spaces is characterized via density of ﬁnite rank operators in the space of quasi-
p-nuclear operators. This relates the p-AP to Saphar’s approximation property APp′ . As
another application, the p-AP is characterized via a trace condition, allowing to deﬁne the
trace functional on certain subspaces of the space of nuclear operators.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
A Banach space X is said to have the approximation property (AP) if the identity map I X on X can be approximated by
ﬁnite rank operators uniformly on every compact subset of X . By the well-known result due to Grothendieck [10] (see, e.g.,
[21, p. 74]), X has the AP if and only if the natural surjection j from the projective tensor product Y ∗ ⊗ˆ X onto the space
of nuclear operators N(Y , X) is injective for all Banach spaces Y .
Let 1  p ∞. Let gp be the Chevet–Saphar tensor norm and let Np be the ideal of p-nuclear operators. A Banach
space X is said to have the AP of order p (APp) if the natural surjection from Y ∗ ⊗ˆgp X , the completion of Y ∗ ⊗ X in the
tensor norm gp , onto Np(Y , X) is injective for all Banach spaces Y . The study of the APp was initiated in 1970 by Saphar
in his seminal paper [22]. (In [23], quite exceptionally, the notion was given using the conjugate index of p.)
Since ‖ · ‖g1 = ‖ · ‖π and N1 =N, the AP1 coincides with the AP. In early 1980s, Reinov extended the notion of the APp
to the case of 0< p  1 (see, e.g., [17]). In this case, X is said to have the APp if the restriction of j : Y ∗ ⊗ˆ X →N(Y , X) to
the subspace of Y ∗ ⊗ˆ X consisting of tensors u =∑n y∗n ⊗ xn , y∗n ∈ Y ∗ , xn ∈ X , with ∑n(‖y∗n‖‖xn‖)p < ∞ is injective for all
Banach spaces Y . Again, the AP1 is clearly the AP. The APp for 0 < p ∞ are relatively well studied (see, e.g., [2,17,19,20]
for results and references) and considered as classical by now.
By a well-known characterization due to Grothendieck [10] (see, e.g., [13, p. 30]), a subset K of a Banach space X is
relatively compact if and only if there exists (xn) ∈ c0(X) such that K ⊂ {∑n anxn: ∑n |an| 1}. It was observed in [19] (see
also [2]) that if one considers, instead of c0(X), the space of q-summable sequences q(X), for some ﬁxed q  1, then this
stronger form of compactness characterizes the APp , 0< p < 1. Namely, X has the APp if and only if I X can be approximated
by ﬁnite rank operators uniformly on the subsets K of X for which there exists (xn) ∈ q(X) with q = p/(1 − p) such that
K ⊂ {∑n anxn: ∑n |an| 1}.
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p′ be the conjugate index of p (i.e., 1/p+1/p′ = 1). The p-convex hull of a sequence (xn) ∈ p(X) is deﬁned as p-conv{xn} =
{∑n anxn: ∑n |an|p′  1} (sup |an|  1 if p = 1). A set K ⊂ X is said to be relatively p-compact if there exists (xn) ∈ p(X)
((xn) ∈ c0(X) if p = ∞) such that K ⊂ p-conv{xn}. (Note that similar notions with (xn) being a weakly p-summable sequence
were already considered in [3, p. 51].)
The corresponding notion of the p-AP is then deﬁned in an obvious way: X is said to have the p-approximation property
(p-AP) if I X can be approximated by ﬁnite rank operators uniformly on the relatively p-compact subsets of X .
It is immediate that the AP, which is the same as the ∞-AP, implies the p-AP for all p, and the p-AP implies the q-AP
whenever q < p. From [19] (or [2]), as mentioned above, it is clear that the p-AP implies the APr with r = p/(p + 1). As
shown in [18] (relying on the Enﬂo–Davie construction [4,7]), there is a Banach space failing the APr for any r ∈ (2/3,1].
Hence this space fails the p-AP for any p > 2. On the other hand, in [24], it is proved that all Banach spaces have the 2-AP,
and thus the p-AP for all p ∈ [1,2].
The purpose of this article is to study the p-AP basing on the recent paper [5] by Delgado, Piñeiro, and Serrano. Our main
result is Theorem 2.1 which characterizes the p-AP in terms of density of ﬁnite rank operators in the spaces of p-compact
and of adjoints of p-summable operators. As application, for instance, the p-AP of dual Banach spaces is characterized via
density of ﬁnite rank operators in the space of quasi-p-nuclear operators. This relates the p-AP to Saphar’s approximation
property APp′ . Finally, as another application of Theorem 2.1, the p-AP is characterized via a trace condition, improving
[24, Proposition 6.8] and allowing to deﬁne the trace functional on certain subspaces of the space of nuclear operators.
Our notation is standard. A Banach space X will be regarded as a subspace of its bidual X∗∗ under the canonical em-
bedding j X : X → X∗∗ . We denote the closed unit ball of X by BX . For Banach spaces X and Y , the Banach space of all
bounded linear operators from X to Y is denoted by L(X, Y ). Its topology of the uniform convergence on compact subsets
of X is denoted by τ (as in [13], e.g.). If A is an operator ideal, then Ad denotes its dual operator ideal. The components of
Ad are Ad(X, Y ) = {T ∈L(X, Y ): T ∗ ∈A(Y ∗, X∗)}. We denote by L, K, and F the operator ideals of bounded, compact, and
ﬁnite rank linear operators, respectively. We also need the following operator ideals: Np—p-nuclear operators, QNp—quasi-
p-nuclear operators, Pp—p-summing operators. We refer to the Lindenstrauss and Tzafriri and Ryan’s books [13,21] for the
classical approximation properties and to Pietsch’s book [16] for operator ideals (see also [6] by Diestel, Jarchow, and Tonge
for common operator ideals as Np and Pp , and [15] by Persson and Pietsch for QNp). Our reference on the theory of tensor
products is [21].
2. The p-approximation property and p-compact operators
Let 1 p ∞. Relying on the notion of p-compactness, the notion of p-compact operator is deﬁned in an obvious way
(see [24]): an operator T ∈ L(X, Y ) is said to be p-compact if T (BX ) is relatively p-compact in Y . The set of all p-compact
operators between Banach spaces is denoted by Kp . It is shown in [24] that Kp is an operator ideal; even more, Kp ,
equipped with a factorization norm κp , is a Banach operator ideal. Clearly, K1 ⊂Kp1 ⊂Kp2 ⊂K∞ =K whenever p1  p2.
Grothendieck [10] proved that a Banach space X has the AP if and only if F(Y , X) is ‖ · ‖-dense in K(Y , X) for every
Banach space Y . The main Theorem 2.1 extends this characterization to the p-AP using Kp(Y , X) instead of K(Y , X).
Theorem 2.1. Let X be a Banach space and let 1 p ∞. The following statements are equivalent:
(a) X has the p-AP.
(b) F(Y , X) is ‖ · ‖-dense inKp(Y , X) for every Banach space Y .
(c) F(Y , X) is τ -dense inKp(Y , X) for every Banach space Y .
(d) F(Y , X) is τ -dense in Pdp(Y , X) for every Banach space Y .
Proof. (a) ⇒ (b) This is a straightforward veriﬁcation. Indeed, if T ∈ Kp(Y , X), then T (BY ) is relatively p-compact in X .
Hence, for every ε > 0, there is R ∈ F(X, X) such that ‖R ◦ T y − T y‖  ε for every y ∈ BY . Therefore ‖R ◦ T − T‖  ε
and (b) holds.
(b) ⇒ (c) is trivial.
(c) ⇒ (a) Given ε > 0, (xn) ∈ p(X), and K = p-conv{xn}, we choose αn ↘ 0 such that (α−1n xn) ∈ p(X). Consider the com-
pact operator D : p′ → p′ and the p-compact operator φ : p′ → X deﬁned by D(βn) = (αnβn) and φ(βn) =∑n βnα−1n xn ,
(βn) ∈ p′ .
Denote by Y the quotient space p′/Kerφ and let Q : p′ → Y be the quotient map. If φ̂ : Y → X is deﬁned so that
φ̂(Q (βn)) = φ(βn) for every (βn) ∈ p′ , then φ̂ is clearly also p-compact (note that p-conv{xn}, (xn) ∈ p(X) ((xn) ∈ c0(X)
if p = ∞) is always a compact set). Take the relatively compact set H = Q ◦ D(Bp′ ) ⊂ Y . By hypothesis, there exists
S ∈ F(Y , X) such that
sup
h∈H
‖Sh − φ̂h‖ < ε
2
.
The operator S admits a representation of the form S =∑Nk=1 ψk ⊗uk , where ψk ∈ Y ∗ , uk ∈ X , and ∑Nk=1 ‖uk‖ = 1. From the
injectivity of φ̂, it follows that φ̂∗ has dense image in Y ∗ for every locally convex topology in Y ∗ compatible with the duality
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there exists u∗k ∈ X∗ such that
sup
h∈H




Put R = ∑Nk=1 u∗k ⊗ uk ∈ F(X, X). For every x ∈ K , there exists (βn) ∈ Bp′ so that x =
∑
n βnxn = φ̂ ◦ Q ◦ D(βn). Then
x = φ̂h, where h ∈ H , and we have




〉− 〈h,ψk〉∣∣‖uk‖ + ε2
max
k










(a) ⇒ (d) For p = ∞, the claim is well known and easy since Pd∞(Y , X) = Ld(Y , X) = L(Y , X). Let p < ∞ and let
T ∈ Pdp(Y , X). Then, in view of [5, Theorem 3.15], T maps relatively compact subsets of Y to relatively p-compact subsets
of X . If now ε > 0 and K ⊂ Y is compact, then T (K ) ⊂ X is relatively p-compact. So, there is an operator R ∈ F(X, X) such
that ‖R ◦ T y − T y‖ < ε for all y ∈ K .
(d) ⇒ (c) holds since Kp(Y , X) ⊂ Pdp(Y , X) [24, Proposition 5.3]. 
Remark 2.2. If 1 < p < ∞, then the space Y in the proof of implication (c) ⇒ (a) is separable and reﬂexive. If p = ∞, i.e.,
Kp = K, then, by a theorem of Figiel and Johnson (see [8] and [11]), every T ∈ K(Y , X) factors compactly through some
separable reﬂexive Banach space Z . That is, T = B ◦ A, where A ∈ K(Y , Z) and B ∈ K(Z , X). Therefore, in the case when
1< p ∞, condition (c) in Theorem 2.1 can be replaced by
(C) F(Z , X) is τ -dense inKp(Z , X) for every separable reﬂexive Banach space Z .
That (c) ⇒ (a) (or, equivalently, (C) ⇒ (a)) in the classical case p = ∞ (i.e., Kp = K and p-AP = AP), this follows easily
using [14, (b3)] and [9, Theorem 1.5]. However, it seems that this characterization of the AP has not been mentioned in the
literature before.
Remark 2.3. The case p = ∞ of implication (b) ⇒ (a) of Theorem 2.1, as mentioned above, is from the well-known
Grothendieck’s classics [10]. Our proof of it (through (c)) differs from the traditional one originated in [10] (see, e.g.,
[13, pp. 32–33]) as well from various recent proofs (see, e.g., [12, p. 332], [14, pp. 719–720]) and could be considered as
an alternative to them.
Remark 2.4. In [24] a larger space than Kp(Y , X) was equipped by a factorization norm ωp . According to [24, Theorem 6.3],
X has the p-AP if and only if F(Y , X) is ωp-dense in Kp(Y , X) for all Y . From this the easy implication (a) ⇒ (b) of
Theorem 2.1 is obvious since ‖T‖  ωp(T ) for all T ∈ Kp(Y , X). On the other hand, the “if ” part of [24, Theorem 6.3]
immediately follows from Theorem 2.1.
Since every operator in Pd2(Y , X) factors through a Hilbert space H and F(Y , H) is τ -dense in L(Y , H) because H has
the AP, the following result is immediate from Theorem 2.1(d).
Corollary 2.5. (See [24, Theorem 6.4].) Every Banach space has the 2-AP (and therefore the p-AP if 1 p  2).
Thus, by Corollary 2.5 and Theorem 2.1, F(X, Y ) is ‖ · ‖-dense in Kp(X, Y ) for all Banach spaces X and Y whenever
1 p  2.
Corollary 2.6. Let X be a Banach space and let 1 p ∞. If X∗∗ enjoys the p-AP, then so does X.
Proof. We shall show that F(Y , X) is τ -dense in Kp(Y , X) for all Y . Let T ∈Kp(Y , X). Then T ∈Kp(Y , X∗∗). Since X∗∗ has
the p-AP, there is a sequence (Sn) in F(Y , X∗∗) such that ‖Sn − T‖ → 0, in particular, (Sn) is bounded. Let us order the set
of (n, F , ε), where n ∈ N, 0 < ε < 1, and F runs through the ﬁnite subsets of X , by (n, F , ε)  (m,G, δ) whenever n m,
F ⊃ G , ε < δ. For each ν = (n, F , ε), denote Eν = span(F ∪ ran Sn) ⊂ X∗∗ and, using the principle of local reﬂexivity, choose
a linear operator Uν : Eν → X such that ‖Uν‖ < 1+ ε and Uνx = x for all x ∈ F . Let Rν = Uν ◦ Sn . Since (Rν) is a bounded
net in F(Y , X) converging pointwise to T , it also converges to T uniformly on compact subsets of Y . 
We do not know whether one can improve Corollary 2.6 by replacing X∗∗ with X∗ . In the classical case p = ∞ (i.e., in
the AP case) this is so by well-known Grothendieck’s classics.
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denote the space of holomorphic mappings from X to Y and HK (X; Y ) its subspace of compact holomorphic mappings
(see [1] for deﬁnitions and properties). As usual, H(X) = H(X;C). Aron and Schottenloher asked in [1, p. 23] whether X
has the AP whenever H(Y ) ⊗ X , the space of ﬁnite rank holomorphic mappings, is τ -dense in HK (Y ; X) for every Banach
space Y ? We can answer this question as follows.
Corollary 2.7. Let X be a complex Banach space. If H(Z) ⊗ X is τ -dense in HK (Z; X) for every separable reﬂexive Banach space Z ,
then X has the AP.
Proof. By Theorem 2.1 and Remark 2.2, we need to show that condition (C) holds for K=K∞ . Let Z be a separable reﬂexive
Banach space, T ∈K(Z , X), ε > 0, and let K be a compact subset of Z . We need to show that there exists S ∈ F(Z , X) such
that ‖T z− Sz‖ < ε for all z ∈ K . Without loss of generality, we may assume that 0 /∈ K . Then r = dist{K ,0} > 0. By Cauchy’s
inequality, for all f ∈H(Z; X) and z ∈ Z
∥∥ f ′(0)z∥∥ max|λ|‖z‖=r
∥∥ f (λz)∥∥.
If z ∈ K , then |λ|‖z‖ = r implies that |λ| 1. Therefore
max
z∈K
∥∥ f ′(0)z∥∥ max
y∈BCK
∥∥ f (y)∥∥,
where, as usual, BCK = {λz: |λ| 1, z ∈ K }. Since T ∈HK (Z; X) and BCK is compact, there exists g =∑ni=1 gi ⊗ xi , with
gi ∈H(Z), xi ∈ X , such that f = T − g satisﬁes
max
y∈BCK
∥∥ f (y)∥∥< ε.
But f ′(0) = T − S , where S =∑ni=1 g′i(0) ⊗ xi ∈ F(Z , X), and, by the above, maxz∈K ‖T z − Sz‖ < ε as desired. 
Let X and Y be Banach spaces and let T ∈ L(X, Y ). In [5, Corollary 3.4], it is proved that if T ∈ QNp(X, Y ), then
T ∗ ∈Kp(Y ∗, X∗), and if T ∈Kp(X, Y ), then T ∗ ∈ QNp(Y ∗, X∗). This result will be used in the following characterization of
the p-AP for dual Banach spaces. For p = ∞, it coincides with the well-known Grothendieck’s characterization (recall that
QN∞ =K).
Theorem 2.8. Let X be a Banach space and let 1 p ∞. The following statements are equivalent:
(a) X∗ has the p-AP.
(b) F(X, Y ) is ‖ · ‖-dense in QNp(X, Y ) for every Banach space Y .
Proof. (a) ⇒ (b) If T ∈ QNp(X, Y ), then T ∗ ∈Kp(Y ∗, X∗). As in the proof of (a) ⇒ (b) of Theorem 2.1, for every ε > 0, there
is R ∈ F(X∗, X∗) such that ‖T ∗∗ ◦ R∗ − T ∗∗‖ = ‖R ◦ T ∗ − T ∗‖ ε. But S = T ∗∗ ◦ R∗ ◦ j X ∈ F(X, Y ) (since T ∈ K(X, Y )) and
‖S − T‖ ε.
(b) ⇒ (a) We shall apply the implication (b) ⇒ (a) of Theorem 2.1 to X∗ . Thus, we need to show that F(Y , X∗) is ‖ · ‖-
dense in Kp(Y , X∗) for all Banach spaces Y . Let T ∈ Kp(Y , X∗). Then T ∗ ∈ QNp(X∗∗, Y ∗) and T ∗ ◦ j X ∈ QNp(X, Y ∗). By
assumption, for given ε > 0, there is S ∈ F(X, Y ∗) such that ‖ j∗X ◦ T ∗∗ − S∗‖ = ‖T ∗ ◦ j X − S‖ ε. But then ‖T − S∗ ◦ jY ‖ ε
and S∗ ◦ jY ∈ F(Y , X∗). 
It seems that, in the literature, there are no results on the relationship between the p-AP and APp , the Saphar AP of
order p. We saw that all Banach spaces have the p-AP if 1 p  2. By [22], all Banach spaces have the AP2, but in contrast
with the p-AP, there exists a Banach space which fails the APp for every p = 2 (see [17, Corollary 1.2]).
Theorem 2.8 enables us to relate the p-AP and APp as follows.
Corollary 2.9. Let X be a Banach space and let 1< p < ∞. If X∗∗ has the APp′ , then X∗ has the p-AP.
Proof. By [23, Theorem 4], F(X, Y ) is ‖ · ‖Pp -dense in QNp(X, Y ) for every Banach space Y . In particular, F(X, Y ) is ‖ · ‖-
dense and it follows from Theorem 2.8 that X∗ has the p-AP. 
Corollary 2.10. All odd duals H∗∞, H∗∗∗∞ , . . . of the Hardy space H∞ (of bounded analytic functions on the open unit disc) have the
p-AP with 1 p < ∞.
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immediate from Corollary 2.9 for p > 1. Moreover, recall that all spaces have the 1-AP. 
Concerning the classical case p = ∞, recall that the long-standing problem whether H∞ has the AP (see, e.g.,
[13, Problem 1.e.10]) is open.
3. A trace characterization of the p-AP
In [24, Proposition 6.8], it is proved that if X has the p-AP, then the following trace condition holds: for every choice
of sequences (xn) ∈ p(X) and (x∗n) ∈ 1(X∗), satisfying
∑
n〈x, x∗n〉xn = 0 for all x ∈ X , one has
∑
n〈xn, x∗n〉 = 0. Using Theo-
rem 2.1, we can improve this trace condition to be also suﬃcient for the p-AP.
Proposition 3.1. Let X be a Banach space and let 1 p ∞. The following statements are equivalent:
(a) X has the p-AP.
(b) For every relatively p-compact sequence (xn) in X and every (x∗n) ∈ 1(X∗) with
∑
n〈x, x∗n〉xn = 0 for all x ∈ X, one has∑
n〈xn, x∗n〉 = 0.
Proof. (a) ⇒ (b) Since ∑n〈x, x∗n〉xn = 0 for every x ∈ X , it is immediate that ∑n〈Rxn, x∗n〉 = 0 for all R ∈ F(X, X). Now, for





















n〈xn, x∗n〉 = 0.
(b) ⇒ (a) According to Theorem 2.1, it suﬃces to show that F(Y , X) is τ -dense in Kp(Y , X) for all Banach spaces Y . Let
φ be a τ -continuous linear form on L(Y , X) vanishing on F(Y , X). We need to prove that φ(T ) = 0 for every T ∈Kp(Y , X).
By the well-known description of (L(Y , X), τ )∗ due to Grothendieck [10] (see, e.g., [13, p. 31]), there are a bounded sequence
(yn) in Y and (x∗n) ∈ 1(X∗) such that φ(A) =
∑
n〈Ayn, x∗n〉, A ∈L(Y , X). Now, for all x ∈ X and x∗ ∈ X∗ ,








n〈x, x∗n〉T yn = 0 for all x ∈ X . Since the sequence (T yn) is relatively p-compact in X , it follows from (b) that
φ(T ) =∑n〈T yn, x∗n〉 = 0. 
If X has the p-AP, in view of Proposition 3.1, the trace functional can be deﬁned on the corresponding subspace N(p)(X)
of nuclear operators N(X, X) consisting of T = ∑n x∗n ⊗ xn with (x∗n) ∈ 1(X∗) and (xn) being relatively p-compact in X .
(Of course, this is well known for N(∞)(X) =N(X, X) in case of the AP.) The existence of trace on N(p)(X) will be used in
Proposition 3.2.
Since N(X, Y ) is canonically identiﬁed with a quotient space of X∗ ⊗ˆ Y , its dual space N(X, Y )∗ is canonically isometri-
cally embedded in (X∗ ⊗ˆ Y )∗ =L(Y , X∗∗). Therefore one writes
N(X, Y )∗ ⊂L(Y , X∗∗).
Our ﬁnal result concerns the subspace structure of N(X, Y )∗ .
Proposition 3.2. Let X and Y be Banach spaces and let 1 p < ∞.
(a) If X∗∗ has the p-AP, then Pdp(Y , X∗∗) ⊂N(X, Y )∗ .
(b) If Y ∗ has the p-AP, then Pp(Y , X∗∗) ⊂N(X, Y )∗ .
Proof. We only prove (a) because the other case is analogous. (It uses that if T ∈ Pp(Y , X∗∗), then T ∗ maps relatively com-
pact subsets of X∗∗∗ to relatively p-compact subsets of Y ∗ [5, Theorem 3.12].) Let q : X∗ ⊗ˆY →N(X, Y ) denote the canonical
quotient map. Given S ∈ Pdp(Y , X∗∗), we need to show that S ∈ q∗(N(X, Y )∗). Recall that S maps relatively compact subsets
of Y to relatively p-compact subsets of X∗∗ [5, Theorem 3.15]. If T ∈ N(X, Y ), then T admits a representation of the form
T = ∑n x∗n ⊗ yn with (x∗n) ∈ 1(X∗) and ‖yn‖ → 0. Then, S ◦ T = ∑n x∗n ⊗ Syn belongs to N(p)(X∗∗) and we can deﬁne a
linear functional ϕ on N(X, Y ) by ϕ(T ) = trace(S ◦ T ), T ∈N(X, Y ). Since








for all representations of T as above, ϕ ∈N(X, Y )∗ . We also have S = q∗ϕ because for all x∗ ∈ X∗ and y ∈ Y ,
ϕ(x∗ ⊗ y) = trade(S ◦ (x∗ ⊗ y))= (Sy)(x∗) = 〈S, x∗ ⊗ y〉. 
Since every Banach space has the p-AP for 1 p  2, the following is immediate.
Corollary 3.3. If 1 p  2, then Pp(Y , X∗∗) and Pdp(Y , X∗∗) are contained inN(X, Y )∗ for all Banach spaces X and Y .
Let us conclude with a remark concerning the very recent paper by Sinha and Karn [25]. In this paper another variant of
the AP depending on p has been introduced and studied. Since Kdp = QNp (see [5, Corollary 3.4]) and the quasi-p-nuclear
norm ‖·‖QNp is at least equivalent to the dual operator ideal norm of κp from [25] (see [5, the text before Proposition 3.11]),
we can describe the AP of type p from [25] as follows (see [25, Theorem 4.5]). A Banach space X has the AP of type p (here
1 p ∞) if and only if F(Y , X) is ‖ · ‖Pp -dense in QNp(Y , X) for all Banach spaces Y . The latter property was thoroughly
studied by Reinov [17] in 1982. Due to the above description and [17, Corollary 1.1], we can answer the question of Sinha
and Karn posed at the end of their paper [25]: for each p = 2 satisfying 1 p ∞, there exists a Banach space which fails
the AP of type p.
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